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The stress analysis in a sector with inﬁnite radius has been con-
sidered by various investigators. Some authors devoted efforts on
deriving the full-ﬁeld stress distribution in the sector and others
investigated the stress singularities near the apex of the sector.
Tranter (1948), by employing the Airy stress function and using
the Mellin transform, solved the plane elasticity problem of an inﬁ-
nite isotropic wedge. Then, Williams (1952) studied the stress sin-
gularities at the wedge apex using the eigenfunction expansion
method. Later on, in a series of papers, Bogy (1972) and Kuo and
Bogy (1974a,b) employed a complex function representation of
the solution in conjunction with a generalized Mellin transform
to analyze stress singularities in an anisotropic wedge. Ma and
Hour (1989) studied the asymptotic behaviour of the stress compo-
nents in the vicinity of the apex of a bi-material wedge. They re-
stricted themselves to the derivation of the equation of the poles
in the Mellin transform domain and analytical relations for the or-
ders of stress singularities in special cases. The stress distribution
in a wedge with ﬁnite radius subjected to anti-plane shear defor-
mation was obtained by Kargarnovin et al. (1997). They also ex-
tracted the order of stress singularities at the wedge apex as a
function of apex angle under different boundary conditions. After-
wards, Shahani (1999), by deﬁning some complex integral trans-
formations, solved the anti-plane deformation problem of
anisotropic ﬁnite wedges. The traction-free condition was imposed
on the circular segment of the wedge. Three different cases ofll rights reserved.
: +98 21 88674748.
.boundary conditions on the radial edges were considered, which
are: traction–displacement, displacement–displacement and trac-
tion–traction. Several complex transformations were deﬁned to
formulate the problem in each of the three cases of the problem
corresponding to the radial boundary conditions, separately. These
transformations were then related to integral transforms which
were complex analogies to the standard ﬁnite Mellin transforms
of the ﬁrst and second kinds.
The problem of cracked isotropic wedges under anti-plane
shear deformation has been under consideration in the literature.
An analytical approach to the problem, under anti-plane shear
loading, was presented by Erdogan and Gupta (1975). Shahani
and Adibnazari (2000) studied the problem of anti-plane shear
deformation of perfectly bonded wedges as well as bonded wedges
having inﬁnite radii with an interface crack by means of the Mellin
transform. Shahani (2003) derived analytical expressions for the
mode III stress intensity factor (SIF) of circular shafts with edge
cracks, bonded half planes containing an interfacial edge crack,
bonded wedges with an interfacial edge crack and also DCB’s with
different boundary conditions. Anti-plane stress analysis for an
inﬁnite isotropic wedge weakened with a screw dislocation was
accomplished by Faal et al. (2004) using the Mellin transform.
The problem of ﬁnite annular dissimilar composite wedges with
equal apex angles subjected to anti-plane concentrated loadings
was considered by Lin and Ma (2004).
The anti-plane shear deformation of a bi-material wedge with
ﬁnite radius was studied by Shahani (2005) for various boundary
conditions. The solution of governing differential equations was
accomplished by means of ﬁnite Mellin transforms. In part II of
the paper, explicit expressions were derived for anti-plane shear
Nomenclature
W out-of-plane displacement component
a wedge radius
C44;C45;C55 elastic constants
s stress component
h1 apex angle of the upper wedge
h2 apex angle of the lower wedge
h location of the concentrated tractions with respect to
the apex
d Dirac-Delta function
U an arbitrary complex function
r radial component of polar coordinate
h tangential component of polar coordinate
c1 radial distance of the nearest crack tip to the wedge
apex
c2 radial distance of the furthest crack tip to the wedge
apex
Z complex variable
S complex transform parameter
Uk1 =U
k
2 complex integral transform of the ﬁrst/second kind
A;H; F;N complex arbitrary functions
Xk1 =X
k
2 new transformations of the ﬁrst/second kind deﬁned by
Eqs. (25)/(26)
Kk complex arbitrary function deﬁned by Eq. (36)
P applied point force
f the density function of the screw dislocation
c arbitrary variable
a0 semi-crack length
c0 distance of the center of the crack with respect to the
apex
Tn Chebyshev polynomials of the ﬁrst kind
Un Chebyshev polynomials of the second kind
K mode III stress intensity factor
Fig. 1. Schematic view of a bi-material sector with an interface crack.
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edge crack. Shahani (2006) considered the anti-plane shear defor-
mation problem of two edge-bonded dissimilar isotropic wedges
when the sum of the two apex angles is equal to 2p. In this case
the problem reduces to that of two edge-bonded dissimilar mate-
rials with an interfacial crack subjected to concentrated anti-plane
shear tractions on the crack faces. Faal et al. (2007) presented the
solution of a Volterra-type screw dislocation in an isotropic ﬁnite
wedge weakened by multiple cavities under various boundary con-
ditions using the image method. Shahani (2007) extracted closed
form solutions for the stress distribution in the isotropic ﬁnite
wedge under anti-plane deformation. These closed forms have
the advantages of showing the possible geometric stress singular-
ity as well as the load singularity explicitly, in addition to the con-
tinuity or discontinuity as well as the convergence of the results in
the entire region. And also, the stress intensity factors were ex-
tracted in the special case of a circular shaft containing an edge
crack under different boundary conditions. Chen et al. (2009) ana-
lyzed the problem of composite ﬁnite wedge under anti-plane
shear applied on the circular arc. The considered conditions on
the radial edges were free–free, free–ﬁxed, and ﬁxed–ﬁxed. Shah-
ani and Ghadiri (2009) studied the anti-plane shear deformation
of bonded isotropic ﬁnite wedges with an interface crack. The trac-
tion-free condition was imposed on the circular segment of the
wedge. Boundary conditions on the radial edges were considered
as traction–traction.
Unlike the analytical and practical interest, the problem of
bonded anisotropic sectors with an interface crack has not been
treated, because of analytical difﬁculties. The analysis of aniso-
tropic sector with a radial crack under anti-plane shear loading is
the subject of the present investigation. The anti-plane shear trac-
tions act on the edges of the bi-material sector and a traction-free
condition is prescribed on the arc segment of the sector. The trac-
tions are assumed to act concentrically which allows the solutions
to be used as the Green’s function for the analysis of a sector under
general distribution of traction. The major task of this paper is to
express the prescribed boundary condition on the crack region in
the form of a singular integral equation. For this purpose, a novel
mathematical technique is employed for the solution of the prob-
lem. This technique consists of the use of some recently proposed
ﬁnite complex transforms (Shahani, 1999). To formulate the mixed
boundary value problem corresponding to the presence of thecrack, the attempt is made to extract an equation in the form of
a standard singular integral equation which is done in this paper
by describing an exact analytical method. The resultant singular
integral equation is solved numerically to determine the stress
intensity factors at the crack tips. In the special cases, the obtained
results coincide with those published in the literature.2. Problem formulation and solution
A bi-material sector with radius a composed of two bonded
anisotropic sectors with apex angles h1 and h2 and inﬁnite length
in the direction perpendicular to the plane of the sector is consid-
ered as shown in Fig. 1. Because of imperfect bonding, a crack ex-
ists along the common edge. Choosing the common edge as the
reference axis for deﬁning the coordinate h, the crack lies on the
line h ¼ 0 between the radii r ¼ c1 and r ¼ c2. The condition of
anti-plane shear deformation is imposed on the sector. The trac-
tion–traction boundary conditions are assumed to act on the edges
of the sector, however, on the faces of the crack traction-free con-
dition is applied. In such conditions, the only non-zero displace-
ment component is the out-of-plane component, W, which is a
function of in-plane coordinates r and h. Therefore, the nonvanish-
ing stress components are srzðr; hÞ and shzðr; hÞ. The constitutive
equations for anisotropic materials undergoing anti-plane defor-
mation reduce to
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@Wk
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þ C55 @W
k
@x
;
ð1Þ
where C44; C45 and C55 are the elastic constants of the sector and the
superscript k denotes each of the two sectors k ¼ 1;2.
In the absence of body forces, by making use of (1), the equilib-
rium equation in terms of displacement appears as
C55
@2Wk
@x2
þ 2C45 @
2Wk
@x@y
þ C44 @
2Wk
@y2
¼ 0: ð2Þ
The differential Eq. (2) must be solved under the following
boundary conditions:
s1hzðr; h1Þ ¼ Pdðr  hÞ; ð3Þ
s2hzðr;h2Þ ¼ Pdðr  hÞ; ð4Þ
W1ðr;0Þ ¼W2ðr;0Þ; 0 6 r 6 c1; c2 6 r 6 a; ð5Þ
s1hzðr; 0Þ ¼ s2hzðr;0Þ; ð6Þ
s1hzðr; 0Þ ¼ s2hzðr;0Þ ¼ 0; c1 6 r 6 c2: ð7Þ
In relations (3) and (4), d denotes the Dirac-Delta function. It is
worth mentioning that the choice of these two boundary condi-
tions, leads to the Green’s function solution for the problem. Also,
in Eqs. (3) and (4), h is the location of the application of the concen-
trated tractions which may vary from zero to r ¼ a. Without loss of
generality of the problem, it is supposed that c1 6 c2 6 h.
The boundary data prescribed on the circular segment of the
sector circumference is the traction-free condition, i.e.,
skrzða; hÞ ¼ 0; ð8Þ
where srz and shz are the stress components in the polar coordinates
ðr; hÞ.
The solution of the governing Eq. (2) may be performed in the
complex plane
Z ¼ xþ py ð9Þ
such that
Wkðx; yÞ ¼ 2Re½UkðZÞ ¼ UkðZÞ þ UkðZÞ; ð10Þ
where U is an arbitrary function of Z;UðZÞ is the complex conjugate
of UðZÞ, and p is a parameter whose value depends on the elasticity
constants. Now, it is desired to solve this challenging mixed bound-
ary value problem. To this end, a procedure is adopted based on the
one presented previously by Shahani (1999). Here, the obtained re-
sults are just reported and the foregoing procedure is not reported
in this paper due to space limitations. Based on the work presented
by Shahani (1999) the following relations can be obtained which
are used later in the rest of this study. An expression for the second
kind ﬁnite Mellin transform of r dU
k
dZ is deﬁned asZ a
0
a2S
rS
þ rS
 
dUk
dZ
dr ¼ SK
kðSÞ
ðcos hþ p sin hÞSþ1
; ð11Þ
where
p ¼
C45 þ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44C55  C245
q
C44
: ð12Þ
Taking the Mellin transform of the second kind from the stress
ﬁeld, we obtain
skhz2ðS; hÞ ¼ iC0S
KkðSÞ
HðhÞ 
KkðSÞ
HðhÞ
" #
; ð13Þ
where HðhÞ is a complex function as followsHðhÞ ¼ ðcos hþ p sin hÞS: ð14Þ
Taking the Mellin transform of the ﬁrst kind from the displace-
ment ﬁeld, yields
Wk1 ðS; hÞ ¼
KkðSÞ
HðhÞ þ
KkðSÞ
HðhÞ 
2aS
S
Wkða; hÞ: ð15Þ
In the above relations KkðSÞ;KkðSÞ are complex functions and
their conjugates, respectively (for more details see Shahani, 1999).
3. Application of boundary conditions
Writing relation (13) for upper and lower sectors, leads to
s1hz2ðS; hÞ ¼ iC0S
K1ðSÞ
HðhÞ 
K1ðSÞ
HðhÞ
" #
; ð16Þ
s2hz2ðS; hÞ ¼ iC0S
K2ðSÞ
HðhÞ 
K2ðSÞ
HðhÞ
" #
: ð17Þ
Taking the Mellin transform of second kind (11) from the
boundary conditions (3) and (4) and then substituting the resulting
expressions into (16) and (17), results in
a2S
hS
þ hS
 
P ¼ iC0S K
1ðSÞ
Hðh1Þ 
K1ðSÞ
Hðh1Þ
" #
; ð18Þ
a2S
hS
þ hS
 
P ¼ iC0S K
2ðSÞ
Hðh2Þ 
K2ðSÞ
Hðh2Þ
" #
: ð19Þ
Rewriting Eq. (18), leads to
K1ðSÞ ¼ a
2S
hS
þ hS
 
Hðh1ÞP
iC0S
þ Hðh1Þ
Hðh1Þ
K1ðSÞ: ð20Þ
Taking the Mellin transform of second kind from the boundary
condition (6) and applying the resultant relations on Eqs. (16) and
(17), it leads to the following relation
K1ðSÞ K1ðSÞ ¼ K2ðSÞ K2ðSÞ: ð21Þ
Substituting (19) and (20) into (21) and facilitating terms, yield
K2ðSÞ ¼ Hðh2Þ½Hðh1Þ  Hðh2Þ½Hðh2Þ  Hðh2Þ
a2S
hS
þ hS
 
P
iC0S
þ H h2ð Þ½Hðh1Þ  Hðh1Þ
Hðh1Þ½Hðh2Þ  Hðh2Þ
 !
K1ðSÞ: ð22Þ
Substituting (22) into (19) and facilitating terms, yield
Hðh2Þ½Hðh1Þ  Hðh2Þ
½Hðh2Þ  Hðh2Þ
a2S
hS
þ hS
 
P
iC0S
þ Hðh2Þ½Hðh1Þ  Hðh1Þ
Hðh1Þ½Hðh2Þ  Hðh2Þ
 !
K1ðSÞ ¼ K2ðSÞ: ð23Þ
In relations (20), (22) and (23), the term K1ðSÞ is the only un-
known function, which is determined by applying the rest bound-
ary conditions. Making it possible to apply the boundary
conditions (5) and (7), the following unknown function may be de-
ﬁned (Erdogan and Gupta, 1975; Shahani and Adibnazari, 2000):
f ðrÞ ¼ @
@r
W1ðr;0Þ W2ðr;0Þ
h i
: ð24Þ
With this deﬁnition, the condition of continuity of displace-
ments outside the crack, Eq. (5), becomes:
f ðrÞ ¼ 0; 0 6 r 6 c1; c2 6 r 6 a: ð25Þ
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thatZ c2
c1
f ðrÞdr ¼ 0: ð26Þ
Rewriting (15) for the two sectors, one can obtain:
W11 ðS; hÞ ¼
K1ðSÞ
HðhÞ þ
K1ðSÞ
HðhÞ 
2aS
S
W1ða; hÞ; ð27Þ
W21 ðS; hÞ ¼
K2ðSÞ
HðhÞ þ
K2ðSÞ
HðhÞ 
2aS
S
W2ða; hÞ: ð28Þ
Now, taking the inverse transform from relations (27) and (28)
and then substituting the resulting expressions into (24), yield
rf ðrÞ ¼ 1
2pi
Z Cþi1
Ci1
SrSW11 ðS;0ÞdS
1
2pi

Z Cþi1
Ci1
SrSW21 ðS;0ÞdS: ð29Þ
Taking the Mellin transform of ﬁrst kind from (29), results inZ a
0
a2S
mSþ1
 mS1
 
mf ðmÞdm ¼ SW11 ðS;0Þ þ SW21 ðS;0Þ: ð30Þ
Replacing (20), (22) and (23) into (27) and (28) and then substi-
tuting the resulting expressions into (30) and facilitating terms,
yield
K1ðSÞ¼ Hðh1Þ½Hðh2ÞHðh2Þ
2S½Hðh2ÞHðh1ÞHðh2ÞHðh1Þ
Z a
0
a2S
mSþ1
mS1
 
mf ðmÞdm

2Hðh2Þ½Hðh1ÞHðh2Þ½Hðh2ÞHðh2Þ
a2S
hS
þhS
 
P
iC0
)
: ð31Þ
Substituting (20) and (31) into (16) and taking the inverse
transform from the resulting expression, we have
rs1hzðr;hÞ¼
1
2pi
Z Cþi1
Ci1
rS
2½Hðh2ÞHðh1ÞHðh2ÞHðh1Þ
:
 ½Hðh2ÞHðh2Þ Hðh1ÞHðhÞ 
Hðh1Þ
HðhÞ
" #
:
Z a
0
iC0
a2S
mSþ1
mS1
 (
mf ðmÞdmþ 2Hðh1ÞHðh2Þ½Hðh2ÞHðh1Þ
HðhÞ
"
þ2Hðh1ÞHðh2Þ½Hðh1ÞHðh2Þ
HðhÞ
#
a2S
hS
þhS
 
P
)
dS: ð32Þ
Since Eq. (32) expresses a complex integral, the residual theo-
rem is employed to compute the integral. So, a closed path is
needed for integrating. The path of integration (line Re ¼ CÞ should
be completed by a semi-circular arc with inﬁnite radius containing
the negative part or positive part of the real axis. To ﬁnd the poles,
we may deﬁne
R cosw ¼ cos h C45
C44
sin h;
R sinw ¼ C0
C44
sin h;
ð33Þ
in which
tanw ¼ C0 sin h
C44 cos h C45 sin h ;
R2 ¼ C55 sin
2 hþ C44 cos2 h C45 sin 2h
C44
:
ð34ÞThe new parameter wmay be called the transformed apex angle
of the anisotropic sector, which depends on the actual apex angle
of the sector as well as material constants. Therefore, from (33)
one can write
Rðcoswþ i sinwÞ ¼ Reiw ¼ cos hþ C45
C44
þ i C0
C44
 
sin h; ð35Þ
which after using Eq. (12), it can be written as
Reiw ¼ ðcos hþ p sin hÞ: ð36Þ
According to Eqs. (36) and (14), we may write
HðhÞ ¼ ðcos hþ p sin hÞS ¼ RSeiwS ð37Þ
and also
HðhÞ ¼ ðcos hþ p sin hÞS ¼ RSeiwS;
Hðh1Þ ¼ ðcos h1 þ p sin h1ÞS ¼ RS1eiw1S;
Hðh1Þ ¼ ðcos h1 þ p sin h1ÞS ¼ RS1eiw1S;
Hðh2Þ ¼ ðcos h2  p sin h2ÞS ¼ RS2eiw2S;
Hðh2Þ ¼ ðcos h2  p sin h2ÞS ¼ RS2eiw2S;
ð38Þ
where
tanw1 ¼
C0 sin h1
C44 cos h1  C45 sin h1 ;
tanw2 ¼
C0 sin h2
C44 cos h2 þ C45 sin h2 ;
R21 ¼
C55 sin
2 h1 þ C44 cos2 h1  C45 sin 2h1
C44
;
R22 ¼
C55 sin
2 h2 þ C44 cos2 h2 þ C45 sin 2h2
C44
: ð39Þ
Replacing foregoing expressions into (32) and facilitating, yields
rs1hzðr;hÞ¼
1
2pi
Z Cþi1
Ci1
Z a
0
C0rS a
2S
mSþ1mS1
 
mf ðmÞ
4ðR1R2ÞS sinSðw1w2Þ
:½Hðh2ÞHðh2Þ
 Hðh1Þ
HðhÞ 
Hðh1Þ
HðhÞ
" #
dmdSþ 1
2pi
Z Cþi1
Ci1
rS a
2S
hS
þhS
 
P
4iðR1R2ÞS sinSðw1w2Þ

 2Hðh1ÞHðh2Þ½Hðh2ÞHðh1Þ
HðhÞ
"
þ2Hðh1ÞHðh2Þ½Hðh1ÞHðh2Þ
HðhÞ
#
dS:
ð40Þ
Now, the equation for the poles should be obtained by putting
the denominator of the ﬁrst term of (40) equal to zero:
sin½Sðw1  w2Þ ¼ 0 ) Sn ¼ 
np
ðw1  w2Þ
¼ nx;
n ¼ 0;1;2;3: ð41Þ
To obtain the stress ﬁeld, contour integration should be carried
out. Both the integrands in (40) are meromorphic functions in S
and four distinct regions of 0 6 r 6 c1; c1 6 r 6 c2; c2 6 r 6 h and
h 6 r should be recognized. Since we need only the region
c1 6 r 6 c2 for applying the boundary condition (7), we may carry
out the contour integration solely in this zone. For this reason, for
the ﬁrst integral in (40), after changing the order of integration we
must break the limits of the integral in ½c1; c2 into regions ½c1; r
and ½r; c2. Then, for the integral in ½c1; r we break the expression
in the parentheses to two terms and then complete the contour
of integration for the ﬁrst term by a semi-circular arc to include
the negative part of the real axis, ReðSÞ < 0, and for the next term
by a semi-circular arc to include the positive part of the real axis,
ReðSÞ > 0. However for the integral in ½r; c2 a semi-circular arc con-
taining the negative part of the real axis, ReðSÞ < 0, must be consid-
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integration by a semi-circular arc to include the negative part of
the real axis, ReðSÞ < 0. Since the integrands in (40) vanish as
jSj ! 1, by utilizing the residue theorem and applying the bound-
ary condition (7), we obtain
X
n
1
ðw1  w2Þ  ð1Þn
 Rnx1 sinðnxw2Þ  Rnx2 sinðnxw1Þ
 	 a2nx
hnx
þ hnx
 
rnxP

X
n
1
ðw1  w2Þ  ð1Þn
 ½sinðnxw1Þ sinðnxw2Þ

Z r
c1
C0
m
a
 nx
 r
a
 nx
f mð Þdm
X
n
1
ðw1  w2Þ  ð1Þn
 ½sinðnxw1Þ sinðnxw2Þ 
Z r
c1
C0
m
r
 nx
f ðmÞdm

X
n
1
ðw1  w2Þ  ð1Þn
 ½sinðnxw1Þ sinðnxw2Þ

Z c2
r
C0
a2nx
mnx
 mnx
 
rnxf ðmÞdm ¼ 0; c1 6 r 6 c2: ð42ÞThis is the basic relation for the derivation of the singular inte-
gral equation. Eq. (42) may be rewritten as follows
P
ðw1w2Þ
Im
X
n¼0
ð1Þnqn1einxw2 þ
X
n¼0
ð1Þnqn2 einxw2
(

X
n¼0
ð1Þnqn3einxw1 
X
n¼0
ð1Þnqn4einxw1
)
 C0
2ðw1w2Þ
Re

Z r
c1
X
n¼0
ð1Þnqn5einpf ðmÞdm
Z r
c1
X
n¼0
ð1Þnqn5einxðw1þw2Þf ðmÞdm
( )
 C0
2ðw1w2Þ
Re
Z r
c1
X
n¼0
ð1Þneinpqn6f ðmÞdm
Z r
c1
X
n¼0
ð1Þnqn6einxðw1þw2Þf ðmÞdm
( )
þ C0
2ðw1w2Þ
Re
Z c2
r
X
n¼0
ð1Þnqn7einpf ðmÞdm
Z c2
r
X
n¼0
ð1Þnqn8einpf ðmÞdm
(
þ
Z c2
r
X
n¼0
ð1Þnqn8einxðw1þw2Þf ðmÞdm

Z c2
r
X
n¼0
ð1Þnqn7einxðw1þw2Þf ðmÞdm
)
¼0; c16 r6 c2; ð43Þ
where
q1 ¼ Rx1 
h
a
 2x
 r
h
 x
; q2 ¼ Rx1 
r
h
 x
; q3
¼ Rx2 
h
a
 2x
 r
h
 x
; q4 ¼ Rx2 
r
h
 x
; q5
¼ m
a
 x
 r
a
 x
; q6 ¼
m
r
 x
; q7 ¼
r
m
 x
; q8
¼ m
a
 2x
 r
m
 x
: ð44ÞConsidering the following series expansion formula:
X1
n¼0
ð1Þnxn ¼ 1
1þ x ; jxj < 1: ð45Þ
Eq. (43) can be written in closed form as:P
ðw1w2Þ
Im
1
1þq1 eixw2
þ 1
1þq2 eixw2
 1
1þq3 eixw1
 1
1þq4 eixw1
 

 C0
2ðw1w2Þ
Re
Z r
c1
1
1þq5 eip
f ðmÞdm
Z r
c1
1
1þq5 eixðw1þw2Þ
f ðmÞdm
 

 C0
2ðw1w2Þ
Re
Z r
c1
1
1þq6:eip
f ðmÞdm
Z r
c1
1
1þq6 eixðw1þw2Þ
f ðmÞdm
 

þ C0
2ðw1w2Þ
Re
Z c2
r
1
1þq7 eip
f ðmÞdm
Z c2
r
1
1þq8 eip
f ðmÞdm

þ
Z c2
r
1
1þq8 eixðw1þw2Þ
f ðmÞdm
Z c2
r
1
1þq7ixðw1þw2Þ
f ðmÞdm


¼0; c16 r6 c2:
ð46Þ
Simplifying Eq. (46) leads to
P
q1 sinðxw2Þ
1þq21þ2q1 cosðxw2Þ
þ q2 sinðxw2Þ
1þq22þ2q2 cosðxw2Þ
 q3 sinðxw1Þ
1þq23þ2q3 cosðxw1Þ

 q4 sinðxw1Þ
1þq24þ2q4 cosðxw1Þ


¼C0
2
Z r
c1
ð1q6Þ
1þq262q6
þ ½1þj1q5
1þq25þ2j1q5

 1q5ð Þ
1þq252q5
þ 1þj1q6½ 
1þq26þ2j1q6


f ðmÞdmþC0
2
Z c2
r
ð1q7Þ
1þq272q7

 ð1q8Þ
1þq282q8
þ 1þj1q8½ 
1þq28þ2j1q8
 1þj1q7½ 
1þq27þ2j1q7


f ðmÞdm; c16 r6 c2; ð47Þ
in which
j1 ¼ cos½xðw1 þ w2Þ: ð48Þ
Substituting Eq. (44) into Eq. (47) and performing some mathe-
matical manipulations, we obtainZ c2
c1
rx
ðmx rxÞ f ðmÞdm
Z c2
c1
1
1 ma
 x  ra x  f ðmÞdmþ
Z c2
c1

1þj1 ma
 x  ra xh i
1þ ma
 2x  ra 2xþ2j1 ma x  ra x f ðmÞdmþ
Z c2
c1
1þj1 mr
 x
1þ mr
 2xþ2j1 mr x f ðmÞdm
¼2P
C0
Rx1  ha
 2x  rh x sinðxw2Þ
1þR2x1  ha
 4x  rh 2xþ2Rx1  ha 2x  rh x cosðxw2Þ
(
þ R
x
1  rh
 x sinðxw2Þ
1þR2x1  rh
 2xþ2Rx1  rh x cosðxw2Þ
 R
x
2  ha
 2x  rh x sinðxw1Þ
1þR2x2  ha
 4x  rh 2xþ2Rx2  ha 2x  rh x cosðxw1Þ
 R
x
2  rh
 x sinðxw1Þ
1þR2x2  rh
 2xþ2Rx2  rh x cosðxw1Þ
)
; c16 r6 c2: ð49Þ
If we now make the following changes in variables:
t ¼ mx; x ¼ rx; c ¼ ax; d ¼ hx; e ¼ cx1 ; g ¼ cx2 ; ð50Þ
and deﬁne
uðtÞ ¼ t 1x1ð Þf t 1x
 
: ð51Þ
Eq. (49) becomesZ g
e
xuðtÞ
ðtxÞdt
Z g
e
c2uðtÞ
ðc2x  tÞdtþ
Z g
e
c4þc2j1x  t
 	
uðtÞ
c4þx2  t2þ2c2j1x  t
dt
þ
Z g
e
x2þj1x  t
 	
uðtÞ
x2þ t2þ2j1x  t
dt¼2Px
C0
c2Rx1 d xsinðxw2Þ
c4þR2x1 d2 x2þ2c2Rx1 d xcosðxw2Þ
(
þ R
x
1 d xsinðxw2Þ
d2þR2x1 x2þ2Rx1 d xcosðxw2Þ
 c
2Rx2 d xsinðxw1Þ
c4þR2x2 d2 x2þ2c2Rx2 d xcosðxw1Þ
 R
x
2 d xsinðxw1Þ
d2þR2x2 x2þ2Rx2 d xcosðxw1Þ
)
; e6 x6 g: ð52Þ
It is seen that Eq. (52) has the form of a standard singular inte-
gral equation (Muskhelishvili, 1953) as
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e
uðtÞ
ðt  xÞ dt þ
Z g
e
kðt; xÞuðtÞdt ¼ f ðxÞ; ð53Þ
in which
kðt; xÞ ¼  c
2
xðc2  x  tÞ þ
c4 þ c2j1x  t
 
xðc4 þ x2  t2 þ 2c2j1x  tÞ
þ x
2 þ j1x  t
 
xðx2 þ t2 þ 2j1x  tÞ
; ð54Þ
f ðxÞ ¼ 2Px
C0x
c2Rx1  d  x sinðxw2Þ
c4 þ R2x1  d2  x2 þ 2c2Rx1  d  x cosðxw2Þ
(
þ R
x
1  d  x sinðxw2Þ
d2 þ R2x1  x2 þ 2Rx1  d  x cosðxw2Þ
 c
2Rx2  d  x sinðxw1Þ
c4 þ R2x2  d2  x2 þ 2c2Rx2  d  x cosðxw1Þ
 R
x
2  d  x sinðxw1Þ
d2 þ R2x2  x2 þ 2Rx2  d  x cosðxw1Þ
)
: ð55Þ
Eq. (53) has to be solved as it is subjected to the condition (26),
which in the light of (50) and (51) changes form toZ g
e
uðtÞdt ¼ 0: ð56Þ
Eq. (53) represents a singular integral equation for cracked
anisotropic sector. By solving aforementioned singular integral
equation for the density function f ðrÞ either analytically or numer-
ically, the stress and displacement ﬁelds can be obtained which re-
veal the merits of the proposed approach presented in this paper.
In the special case of an anisotropic sector without crack
ðc1 ¼ c2Þ, applying h1 ¼ a; h2 ¼ 0 and performing some mathemat-
ical manipulations on (40), we have
s1hzðr; hÞ ¼
P
hw
X
n
1þ ð1Þnþ1R
np
wð Þ
1
 
R
np
wð Þ
2
h2
np
wð Þ
a2
np
wð Þ þ 1
 !
 sin unp
w
  
r
h
  np
wð Þ1
: ð57Þ
The above relation is the same relation presented by Shahani
(1999) for a ﬁnite anisotropic wedge.
4. Solution of the singular integral equation
A very simple and effective numerical solution of the singular
integral Eq. (53) may be obtained as was done by Erdogan and
Gupta (1972). For this purpose, we ﬁrst normalize the interval
(e,g) by deﬁning
t ¼ g  e
2
gþ g þ e
2
¼ bgþ k;
x ¼ g  e
2
vþ g þ e
2
¼ bvþ k;
ð58Þ
where
b ¼ g  e
2
; k ¼ g þ e
2
; ð59Þ
and 1 6 g;v 6 1.
Substitution of Eq. (58) into Eqs. (53) and (56), leads toZ 1
1
uðgÞ
ðg vÞ dgþ
Z 1
1
bkðg;vÞuðgÞdg ¼ f ðvÞ; ð60Þ
Z 1
1
uðgÞdg ¼ 0: ð61Þ
Noting that uðgÞ has integrable singularities at 1, the funda-
mental function of Eq. (60) is found to be wðgÞ ¼ ð1 g2Þ12, and
hence uðgÞ may be expressed asuðgÞ ¼ FðgÞ  ð1 g2Þ12; ð62Þ
where FðgÞ is bounded in the closed interval ½1;1. Using the
method described by Erdogan and Gupta (1972), Eqs. (60) and
(61) may now be reduced to the following system of linear algebraic
equations:
Xn
k¼1
F gkð Þ
ðgk  vrÞ
þ
Xn
k¼1
bkðgk;vrÞFðgkÞ ¼
n
p
f ðvrÞ;
r ¼ 1;2; . . . ;n 1; ð63ÞXn
k¼1
FðgkÞ ¼ 0; r ¼ n; ð64Þ
where gk and vr are the roots of Chebyshev polynomials of the ﬁrst
and second kinds ðTnðgkÞ;UnðvrÞÞ, respectively, i.e.:
TnðgkÞ ¼ 0; gk ¼ cos
ð2k 1Þp
2n
 
; k ¼ 1;2; . . . ;n;
UnðvrÞ ¼ 0; vr ¼ cos
pr
n
 
; r ¼ 1;2; . . . ; n 1:
ð65Þ5. Determination of the stress intensity factors
After determining FðgÞ, the stress intensity factors may be ob-
tained by the following relations (Erdogan and Gupta, 1972):
Kðc1Þ ¼ lim
r!c1
½2ðc1  rÞ
1
2s1hzðr;0Þ;
Kðc2Þ ¼ lim
r!c2
½2ðr  c2Þ
1
2s1hzðr;0Þ:
ð66Þ
In above relation, s1hzðr;0Þmay be obtained by means of Eq. (40).
In order to take the location and the length of the crack into ac-
count, we may write the distance of the center of the crack with re-
spect to the apex and the crack length in terms of the crack tips
coordinates
a0 ¼ c2  c12 ; c0 ¼
c2 þ c1
2
: ð67Þ
Now the variations of the stress intensity factors can be shown
in appropriate graphs.
6. Results and discussion
Fig. 2 shows the variation of stress intensity factors as functions
of relative crack distance, for values h1 ¼ h2 ¼ a ¼ p2 ; aa0 ¼ 5; ha0 ¼ 4
in an isotropic material, i.e., C44C55 ¼ 1 and
C45
C55
¼ 0. It can be observed
that the obtained results are in complete agreement with those
of Shahani and Ghadiri (2009).
Figs. 3 and 4 show the variation of the stress intensity factors as
functions of relative crack distance for different sector apex angles,
in the case of aa0 ¼ 5; ha0 ¼ 4 in an anisotropic sector, with
C44
C55
¼ 1 and
C45
C55
¼ 0:5. In Fig. 3, ðh1 þ h2Þ > p, while in Fig. 4, ðh1 þ h2Þ < p.
According to Eq. (41), when the parameter ðw1  w2Þ is greater than
p, the stress ﬁeld at the sector apex becomes singular. It is worth
mentioning that according to Eqs. (39) and (41), the order of stress
singularity ðk ¼ 1 S1Þ depends on the material property as well as
the apex angle of the sector.
It is observed from Fig. 3 that in the sector angles h1 ¼ p2 ; h2 ¼ 2p3
(for which w1 ¼ 2:09;w2 ¼ 1:66 and ðw1  w2Þ ¼ 3:75Þ and
h1 ¼ 3p4 ; h2 ¼ p2 (for which w1 ¼ 2:61;w2 ¼ 1:05 and ðw1  w2Þ
¼ 3:66Þ, the stress intensity factors diminish as the relative crack
distance c0a0
 
increases. On the other hand, the stress intensity fac-
tors at both the crack tips increase as the ﬁrst tip of the crack ap-
proaches the sector apex c0a0 ! 1
 
. However, the stress intensity
factor at the second tip is clearly ﬁnite while it seems to become
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Fig. 2. Variations of the stress intensity factors as functions of relative crack distance.
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Fig. 3. Variations of the stress intensity factors as functions of relative crack distance for different sector angles.
1036 A.R. Shahani, M. Ghadiri / International Journal of Solids and Structures 47 (2010) 1030–1039inﬁnitely large at the ﬁrst crack tip, when c0a0
 
tends to unity. Nev-
ertheless, Shahani (2001) showed that although Kðc1Þ has an
increasing trend as c0a0 ! 1 (or the crack tip r ¼ c1 approaches the
sector apex), it becomes zero when c0a0 ¼ 1 (or c1 ¼ 0). Another
important point which can be observed from Fig. 3 is that by
increasing the ðw1  w2Þ value, the value of the stress intensity fac-
tor increases. This is because of the interaction of the enhanced
stress singularity at the sector apex, which is resulted from the
higher value of ðw1  w2Þ, and the crack tip stress singularity.
In Fig. 4, within all cases ðh1 ¼ p3 ; h2 ¼ p4 ; ðw1  w2Þ ¼
2:00; h1 ¼ p6 ; h2 ¼ 2p3 ; ðw1  w2Þ ¼ 2:27 and h1 ¼ 2p3 ; h2 ¼ p6 ;
ðw1  w2Þ ¼ 2:83Þ the ðw1  w2Þ value is less than p. Thus, the sin-
gularity of the sector apex disappears. It is found that by decreas-ing ðw1  w2Þ value, the value of Kðc2Þ becomes greater than Kðc1Þ.
It is seen that the range of variations of the stress intensity factors
become more limited compared with the case when ðw1  w2Þ > p.
Moreover, Kðc1Þ does not essentially decrease when the ﬁrst tip of
the crack recedes the sector apex.
Fig. 5 shows the variation of the stress intensity factors as func-
tions of relative crack distance, in the case of aa0 ¼ 5 and ha0 ¼ 4, for
an apex angle of h1 ¼ h2 ¼ 2p3 in different composite sectors, i.e., dif-
ferent material properties. Three pairs of elastic constants have
been chosen as shown in the ﬁgure. It is observed that in all of
the cases Kðc1Þ ! 0;Kðc2Þ ! 0 as c0a0 increases and also Kðc1Þ ! 1
as c0a0 ! 1 (or c1 ! 0), whereas Kðc2Þ is ﬁnite for
c0
a0
¼ 1 (or c1 ¼ 0).
Figs. 6 and 7 show the variation of the stress intensity factors
(Kðc1Þ and Kðc2Þ, respectively) as functions of sector angle h1 for
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c0
a0
¼ 2 and ha0 ¼ 4, for different
composite sectors. The stress intensity factors have been obtained
for similar conﬁguration of ðh1 þ h2Þ ¼ p, but for different material
combinations.
Noting the above ﬁgures it can be concluded that:
1. The distribution of the stress intensity factor is symmetric in an
isotropic sector C44C55 ¼ 1;C45 ¼ 0
 
.
2. The distribution of the stress intensity factor is symmetric when
C45 ¼ 0. Three issues will be generated in terms of the value of
C44
C55
as follows:
2.1 If C44C55 ¼ 1, the maximum of the stress intensity factor
occurs in h1 ¼ h2 ¼ p2.2.2 If C44C55 ¼ 0:5, the curve of the stress intensity factor
becomes uniform in a wide domain, the value of which
corresponds to the maximum value of the stress intensity
factor.
2.3 If C44C55 < 0:5, the curve of stress intensity factor gets two
peaks.
3. When C45–0, the distribution of the stress intensity factor is not
symmetric anymore and has just one peak. For a C45 with the
same absolute value but with opposite sign, the related curve
of the stress intensity factor is observed to be the mirror image
with respect to the line h1 ¼ p2.
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traction-free boundaries (that is, h1 ! ð0;pÞ), all of the stress
intensity factors become zero as expected.References
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